We prove that a sharp Moser-Trudinger inequality holds true on a conformal disc if and only if the metric is bounded from above by the Poincaré metric. We also derive necessary and sufficient conditions for the validity of a sharp Moser Trudinger inequality on a simply connected domain in R 2
Introduction
In 1971 Moser, sharpening an inequality due to Trudinger, proved that for every bounded open domain Ω ⊂ R 2 (in [18] ). This inequality is sharp, in the sense that the 'critical' constant 4π cannot be improved. Referred as 'Moser-Trudinger inequality', (1.1) also implies the estimate is sharp (see [16] ). Inequality (1.1) has been extended to any 2-d compact Riemannian manifold with or without boundary (see [5] , [12] ) or even to some subriemannian manifolds (see [7] and references therein). However, little is known in case Ω is a non compact 2-d Riemannian manifold, even in the simplest cases Ω ⊂ R 2 with |Ω| = ∞ (see [1] , [21] ) or Ω = H 2 , the 2-d hyperbolic space.
We address here the case of conformal discs, i.e. Ω = D, the unit open disc in R 2 , endowed with a conformal metric g = ρg e , where g e denotes the euclidean metric and ρ ∈ C 2 (D), ρ > 0. Denoted by dV g = ρdx the volume form, by conformal invariance of the Dirichlet integral (1.1) takes the form
A relevant case is the hyperbolic metric g h := ( After a personal communication,in [3] the inequality (1.3) with g = g h found an application in the study of blow up analysis and eventually a different proof of (1.3) when g = g h .
As for (1.1) in case |Ω| = +∞, the supremum therein will be in general infinite. To have it finite, an obvious necessary condition is that
As a partial converse, it was shown by D.M. Cao [9] that λ 1 (Ω) > 0 implies subcritical exponential integrability, i.e. for every α < 4π it results
(see also [19] and [1] , for a scale invariant version of Trudinger inequality which implies (1.4) ). However, no information is provided for the critical case α = 4π. We will show that λ 1 (Ω) > 0 is, on simply connected domains, also sufficient for (1.1) to hold true. To state our result, let
The topological assumption on Ω cannot be dropped: in Appendix we exhibit domains Ω with ω(Ω) < +∞ and λ 1 (Ω) = 0, for which, henceforth, (1.1) fails. However, we suspect that λ 1 (Ω) > 0 is sufficient to insure (1.1).
Proof of the main results and asymptotics for L p

Sobolev inequalities
Proof of Theorem 1.1. Let us write g := ρg e = ζg h whith ζ := ρ
. We first prove that if there is x n ∈ D such that ζ(x n ) → n +∞, then there are
To this extent, let ϕ n be a conformal diffeomorphism of the disc such that ϕ n (0) = x n . Then
Notice that
n . Then, by conformal invariance and because ϕ n are hyperbolic isometries,
Hence a bound for g in terms of g h is necessary for (1.1) to hold true. We now prove that boundedness of ζ is also sufficient for (1.1) to hold true. Under this assumption, (1.1) reduces to
Let u * be the symmetric decreasing hyperbolic rearrangement of u, i.e.
By the properties of the rearrangement (see [6] ), it is enough to prove (2.1) for u radially symmetric. For u radial, inequality (2.1) rewrites, in hyperbolic polar coordinates |x| = tanh
To prove (2.2), observe first that from
Now, let 2π sinh T > 1 so that D |∇u| 2 ≤ 1 implies u(T ) < 1, and set
Now, an application of (1.1) gives 2π
and, since
for some constant c(T ) which does not depend on u. Now, using (2.3) and Hardy inequality
and the above inequality we get
Inequalities (2.4) and (2.5) give (2.2) and hence (1.1).
Proof of Theorem 1.2 (1.1) implies 4π
. In turn, this clearly implies ω(Ω) < +∞. To complete the proof, it remains to show that if Ω is simply connected then ω(Ω) < +∞ implies (1.1). Let ϕ : D → Ω be a conformal diffeomorphism, so that (1.1) rewrites as (1.3) where g := ϕ
* g e = | det J ϕ |g e . Let us show that
so that Theorem 1.1 applies to give the conclusion. Now, (2.6) follows from Koebe's covering Theorem (see [15] 
We end this Section deriving, from Moser-Trudinger inequalities, an asymptotic formula for best constants in L p Sobolev inequalities on 2-d Riemannian manifolds (M, g) (see [20] , [2] , for smooth bounded domains in R 2 ). For notational convenience, we say that (M, g) is an MT-manifold if
Proof. Let us prove first
By assumption, there is C > 0 such that, for every p ∈ N, it results
and get, by interpolation,
. By Stirling's formula we obtain
and hence (2.9).
To prove the reverse inequality, we use again the Moser function. For fixed R > 0 and 0 < l < R, define M l (x) = M l (|x|) on R 2 as follows:
Let q ∈ M and choose R > 0 strictly less than the injectivity radius of M at q and define u l (z) := M l (Exp
where Exp q is the exponential map at q. Note that u l is well defined and in H 1 (M). Now calculating in normal coordinates we get
Since the metric is smooth and g i,j (0) = δ i,j we get g i,j = δ i,j + O(|x|) and
and sending p to infinity, we get lim sup
Let us now derive from Proposition 2.1 an inequality analogous to (1.2).
Proof. After fixing δ ∈ (0, 1), we get, by Taylor expansion
Since, by Stirling's formula and (2.9) lim sup p
conclude, also using the inequality (e t − 1)
Remark 3. We believe that (2.10) holds with δ = 1 (and
is optimal). Actually, as it is clear from the proof, subcritical exponential integrability (1.4) is enough to get (2.10). In particular, (2.10) holds true if M = Ω, a smooth open subset of R 2 with λ 1 (Ω) > 0.
Application to a geometric PDE
Here we apply Moser-Trudinger inequality to the following problem.
Let Ω be a smooth open set in R 2 . Let K ∈ C ∞ (Ω).
Is it K the Gauss curvature of a conformal metric g = ρg e in Ω? It is known that solving this problem amounts to solve the equation
In fact, if v ∈ C 2 (Ω) solves (3.1) then e 2v g e is a conformal metric having K as Gauss curvature. Equation (3.1) is not solvable in general, e.g. if Ω = R 2 , K ≤ 0 and K(x) ≤ −|x| −2 near ∞ (a result due to Sattinger, see [10] or [13] ). In [13] it is also noticed, as a Corollary of a general result, that if Ω is bounded and K ∈ L p (Ω) for some p > 2, then (3.1) is solvable. We prove
has a solution in H When Ω is the unite disc, sharp existence/nonexistence results for (3.1) have been obtained by Kalka and Yang [14] in the case of nonpositive K. The following result is a restatement of Theorem 3.1 in [14] :
Existence is proved by monotone iteration techniques. We present here a variational existence result without sign assumptions on K.
Remark 5. This result is far from being sharp. For instance, if one takes Proofs of Theorems 3.1 and 3.3 rely on inequality (2.11). We state below some consequences of (2.11) that we need. 
Next, assume v n ⇀ v in H 
We state without proof the following property
Since (2.7) implies λ 1 (g) := S 2 (M, g) > 0, we get from Corollary 2.2 and the assumption on K i ,
we can assume v n converges weakly to some v. By Lemma 3.1 and boundedness of E K (v n ) we infer that v ∈ O and
Proof of Theorem 3.3 It goes like above, with the obvious modification
Remark 6. In [22] a similar result is proven, but under the stronger assumption |K(x)| ≤ C (1−|x|) α with α ∈ (0, 1).
The result in Theorem 3.3, when applied to negative K, is weaker than the one in Kalka-Yang. But, even more, the solutions we find don't address the main point in [14] , which is to find complete metrics of prescribed (nonpositive) Gaussian curvature on noncompact Riemannian surfaces: a solutions of (3.1) has to blow to +∞ along ∂D to give rise to a complete metric, and this is not the case for the solutions obtained in Theorem 3.3. A first step in this direction is to build solutions of (3.1) with prescribed boundary values. Since without sign assumptions on K one cannot expect K to be the curvature of a complete metric g ( e.g., if K ≥ 0 around ∂D, then K cannot be the curvature of a complete conformal metric on the disc (see [14] )) we restrict our attention to K < 0. Assuming again
we see that the strictly convex functional
is well defined, uniformly continuous and weakly lower semicontinuous by Lemma 3.1. Furthermore, by Hardy's inequality,
Thus J K achieves its global minimum, which is the unique H 1 0 (D) solution of (3.1). The same arguments, applied to K Φ = Ke 2Φ , where Φ is the harmonic extension of some boundary data ϕ, lead to the following Theorem 3.5. Let K ≤ 0 and
Given a smooth boundary data ϕ, (3.1)has a unique solution which takes the boundary data ϕ and which writes as u = v + Φ, v ∈ H 1 0 (D). In particular, K is the curvature of the conformal metric g = e 2(v+Φ) g e .
To get a complete conformal metric with curvature K, one can build, following [17] , a sequence u n of solutions of (3.1) taking ϕ ≡ n and try to show that it converges to a solution u of (3.1) such that u(x) → +∞ suitably fast as |x| → 1. We don't pursue the details.
A more natural approach to find a complete conformal metric with curvature K, is to look for a bounded C 2 solution of the equation
where ∆ H denotes the hyperbolic laplacian (notice that solutions u of (3.3) and v of (3.1) are simply related: v − u = log 2 1−|x| 2 ). We recall the following pioneering result ( [4] , see also [8] )
≤ K ≤ −c in {c ≤ |x| < 1} for some c ∈ (0, 1). Then there is a unique metric conformal and uniformly equivalent to the hyperbolic metric having K as its Gaussian curvature.
We end this section with a result which might provide complete conformal metrics with prescribed nonpositive gaussian curvature. Given a conformal metric g on the disc, let us denote by K g its curvature. Given K, e 2u g is a conformal metric with curvature K if u ∈ C 2 (D) satisfies the equation
If, in addition, u is bounded, then e 2u g is quasi isometric to g. In this case, if g is complete then e 2u g is complete as well.
Proof. Solutions for (3.4) can be obtained as critical points of the functional
The assumption on g implies λ 1 (g) := S 2 (D, g) > 0 and hence Remark 7. In particular, following [4] , one can take K = f + H, f ∈ L 2 (D, µ h ) and H ≤ 0 bounded and bounded away from zero around ∂D.
Remark 8. The above result slightly improves a result by D.M. Duc [11] , where, in addition, conditions are given to insure the metric is complete.
Appendix
We present an example of a domain for which ω(Ω) < +∞ and λ 1 (Ω) = 0. 
